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Abstract
Motivated by the conjecture of Hartsfield and Ringel on antimagic labelings of undi-
rected graphs, Hefetz, Mütze, and Schwartz initiated the study of antimagic labelings
of digraphs in 2010. Very recently, it has been conjectured in [Antimagic orientation
of even regular graphs, J. Graph Theory, 90 (2019), 46-53.] that every graph admits
an antimagtic orientation, which is a strengthening of an earlier conjecture of Hefetz,
Mütze and Schwartz. In this paper, we prove that every 2d-regular graph (not neces-
sarily connected) admits an antimagic orientation, where d ≥ 2. Together with known
results, our main result implies that the above-mentioned conjecture is true for all
regular graphs.
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1 Introduction
All graphs in this paper are finite and simple. For a graph G, we use e(G) to denote the
number of edges of G and dG(u) to denote the degree of a vertex u ∈ V (G). For a positive
integer k, we denote [k] := {1, 2, . . . , k}. An antimagic labeling of a graph G is a bijection
from E(G) to [e(G)] such that for any distinct vertices u and v, the sum of labels on edges
incident to u differs from that for edges incident to v. A graph G is antimagic if it has an
antimagic labeling. Hartsfield and Ringel [6] introduced antimagic labelings in 1990 and
conjectured that every connected graph other than K2 is antimagic. The first significant
progress on this problem is a result of Alon, Kaplan, Lev, Roditty, and Yuster [1], which
states that there exists an absolute constant c such that every graph on n vertices with
minimum degree at least c log n is antimagic. Later, Eccles [4] improved this by showing
that there exists an absolute constant c0 such that if G is a graph with average degree at least
c0, and G contains no isolated edge and at most one isolated vertex, then G is antimagic.
For some special classes of graphs, Hefetz [7] proved that any graph on n = 3k vertices that
admits a triangle factor is antimagic. Later, Hefetz, Saluz and Tran [8] generalized this by
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proving that any graph on n = pk vertices that admits a Cp-factor is antimagic, where p
is an odd prime. For regular graphs, Cranston, Liang, and Zhu [3] proved that every odd
regular graph is antimagic. Later, Chang, Liang, Pan, and Zhu [2] proved the even case.
For more result, we recommend a survey [5].
Motivated by antimagic labelings of graphs, Hefetz, Mütze, and Schwartz [9] initiated
the study of antimagic labelings of digraphs. Let D be a digraph and A(D) and V (D) be
the set of arcs and vertices of D, respectively. An antimagic labeling of D is bijection from
A(D) to {1, 2, . . . , |A(D)|} such that no two vertices in D have the same vertex-sum, where
the vertex-sum of a vertex u ∈ V (D) is the sum of labels of all arcs entering u minus the
sum of labels of all arcs leaving u. A digraph is antimagic if it has an antimagic labeling.
A graph G has an antimagic orientation if an orientation of G is antimagic.
Hefetz, Mütze, and Schwartz [9] raised the questions “Is every orientation of any con-
nected graph antimagic?” and “Does every graph admit an antimagic orientation?”. They
proved an analogous result of Alon, Kaplan, Lev, Roditty, and Yuster [1] that there exists
an absolute constant c such that every orientation of any graph on n vertices with minimum
degree at least c log n is antimagic. Except for K1,2 and K3, no other counterexample to the
first question is known. For the second question, the same authors proposed the following
conjecture.
Conjecture 1.1. [9] Every connected graph admits an antimagic orientation.
They proved the following result on certain classes of regular graphs.
Theorem 1.2. [9] For any integer d ≥ 1,
(a) every (2d− 1)-regular graph admits an antimagic orientation;
(b) every connected, 2d-regular graph G admits an antimagic orientation if G has a match-
ing that covers all but at most one vertex of G.
They [9] also pointed out that “It seems hard to discard any of the two conditions in
Theorem 1.2 (b), that is connectedness and having a matching that covers all but at most
one vertex. In fact, we do not even know if every disjoint union of cycles admits an antimagic
orientation.”
Recently, Li et al. [10] confirmed the case when G is a disjoint union of cycles and also
proved a stronger result than Theorem 1.2 (b).
Theorem 1.3. [10] For any integer d ≥ 2,
(a) every 2-regular graph admits an antimagic orientation;
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(b) every 2d-regular graph with at most two odd components admits an antimagic orienta-
tion.
In the same paper [10], the authors proposed a stronger conjecture as follows.
Conjecture 1.4. [10] Every graph admits an antimagic orientation.
In this paper, we prove the following main result.
Theorem 1.5. Every 2d-regular graph admits an antimagic orientation, where d ≥ 2.
Together with Theorem 1.2 (a) and Theorem 1.3 (a), Theorem 1.5 implies that Conjec-
ture 1.4 holds for all regular graphs.
Corollary 1.1. Every regular graph admits an antimagic orientation.
Recently, Shan and Yu [11] affirmed Conjecture 1.4 for biregular bipartite graphs, where
we only require that any two vertices in the same part have the same degree.
It is worth noting that the proof of Thereom 1.5 is similar to the proof of Theorem 1.3
given in [10]. We label the edges of odd components judiciously so that we obtain a desired
antimagic orientation.
We need to introduce one more notation. A closed walk in a graph G is an Euler tour
if it traverses every edge of the graph exactly once. The following is a result of Euler.
Theorem 1.6 (Euler 1736). A connected graph admits an Euler tour if and only if every
vertex has even degree.
2 Proof of Theorem 1.5
Let G be a 2d-regular graph on n vertices with d ≥ 2, then by Theorem 1.3 (b), we
assume that G contains more than two odd components. Let G1, G2, . . . , Gs, Gs+1, . . . , Gt
be components of G with |V (Gi)| = ni and e(Gi) = mi for each i ∈ [t], where G1, G2, . . . , Gs
are all the odd components of G with n1 ≤ n2 ≤ . . . ≤ ns and s ≥ 3. By Theorem 1.6,
each Gi has an Euler tour Ti for i ∈ [t]. We can regard each Ti as a simple cycle of size
e(Gi), say C∗i , and each vertex u ∈ V (G) has d copies in C∗i . For each vertex u ∈ V (Gi), we
can arbitrarily pick one of the d copies of u as a real vertex and the remaining d− 1 copies
as imaginary vertices. Therefore, C∗i has ni real vertices and (d − 1)ni imaginary vertices.
Moreover, we can pick the real vertices as follows.
Claim 2.1. For any i ∈ [t], we can pick ni real vertices in C∗i such that C∗i contain four
consecutive vertices, say, a, b, c, d such that a, b, d are real vertices and c is a imaginary
vertex.
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Proof. Since Gi is 2d-regular with d ≥ 2, we have ni ≥ 5 and let x1, x2, x3, x4, x5 be five
consecutive vertices of C∗i . If x1 and x4 are distinct vertices, then treat x3 as an imaginary
vertex (this is possible when d ≥ 2) and a = x1, b = x2, c = x3, d = x4 will suffice. If
x1 = x4, i.e., x1x2x3 forms a triangle in Gi, then treat x4 as an imaginary vertex and
a = x2, b = x3, c = x4, d = x5 will suffice.
For simplicity, let V iR be the set of ni real vertices in C∗i , and label them with vi1, vi2, . . . , vini
in order. By renaming them if necessary, together with Claim 2.1, we may further assume
that a = vini , b = v
i
1, d = v
i
2 for each i ∈ [t]. For each i ∈ [t] and each 1 ≤ l ≤ ni − 1, let P il
be the path between vil and vil+1 in C∗i such that either vilvil+1 ∈ E(C∗i ) or all the internal
vertices of P il are imaginary vertices, and we call such paths P il good.
We observe that each orientation (labelling) of C∗i corresponds to an unique orientation
(labelling) of Gi, so in the following proof we only consider orientations (labellings) on C∗i .
Next, we will finish the proof by orienting and labelling the edge set of all C∗i such that the
corresponding orientation of G has an antimagic labelling.
We orient each C∗i as follows. For each C∗i with i ∈ [s], firstly we orient the edge vinivi1
from vini to v
i
1, and then orient the path P i1 to be a directed path from vi1 to vi2. Next,
for all l ∈ {2, 3, . . . , ni − 1}, we orient the path P il to be a directed path between vil and
vil+1 such that each real vertex in {vi2, . . . , vini} has outdegree either 2 or 0 (see Figure 1).
For each C∗j with j > s, firstly we orient the edge vjnjv
j
1 from vjnj to v
j
1. Next, for all
l ∈ {1, 2, 3, . . . , nj − 1}, we orient the path P jl to be a directed path between vjl and vjl+1
such that any real vertex in {vj1, vj2, . . . , vjnj} has outdegree either 2 or 0 (this is possible
since nj is even).
Now we have the desired orientation of all C∗i , say D. Let Ni =
i∑
j=1
mj for each i ∈ [t],
we label C∗1 , C∗2 , . . . , C∗s with [Ns] and then C∗s+1, . . . , C∗t with {Ns + 1, Ns + 2, . . . , Nt} as
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follows.
Algorithm 1: Label the arcs of D
Data: C∗1 , C∗2 , . . . , C∗t with a given orientation D
Result: A bijection c : A(D)→ [dn]
1 for i = 1 to s do
2 Label viniv
i
1 with i and assign the two numbers s+ 2i− 1, s+ 2i to the
3 two arcs in increasing order along the orientation of P i1;
4 end
5 Denote by L the set of edges which have been labelled as above ;
6 while L 6=
s⋃
i=1
A(C∗i ) do
7 - Find an edge e ∈ L according to the following order of preference:
1. e is adjacent to an edge which is unlabelled;
2. the label on e is minimal among all the edges which satisfy 1.
Let P be the good path which is unlabelled and shares an endpoint with e;
8 - Assign the |A(P )| smallest unused numbers in [Ns] to the arcs of P in
9 increasing order along the orientation of P ;
10 - Set L = L ∪ A(P ) ;
11 end
12 for i = s+ 1 to t do
13 Label viniv
i
1 with Ni−1 + 1 and assign the two numbers Ni−1 + 2, Ni−1 + 3 to
14 the two arcs in increasing order along the orientation of P i1;
15 Set B = {vinivi1} ∪ A(P i1) ;
16 while B 6= A(C∗i ) do
17 - Find an arc e ∈ B according to the following order of preference:
1. e is adjacent to an edge which is unlabelled;
2. the label on e is minimal among all the edges which satisfy 1.
Let P be the good path which is unlabelled and shares an endpoint with e;
18 - Assign the |A(P )| smallest unused numbers in {Ns + 1, Ns + 2, . . . , Nt} to
the arcs of P in increasing order along the orientation of P ;
19 - Set B = B ∪ A(P ) ;
20 end
21 end
Note that in Algorithm 1, steps 1-10 are devoted to labelling C∗1 , C∗2 , . . . , C∗s with
integers in [Ns]. Since D is a family of oriented cycles, we say a real vertex u sees (x, y) in
the resulting labelling c if the two arcs incident with u have labels x and y with x < y. For
simplicity, we say each real vertex vil in C∗i sees (xil, yil) for any i ∈ [s] and l ∈ [ni].
By running steps 7-8, intuitively, we have the following claim. Using induction on l, we
can easily prove the claim, here we omit it.
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Claim 2.2. For any two C∗i , C∗j with i < j ≤ s and any integer l with 2 ≤ l ≤ dni/2e, we
have xini−l+2 < x
j
ni−l+2 < x
i
l < x
j
l .
Cj*Ci
*
vlj
v3j
v2j
v1
j
v j
v jnj
x j
y j
xl
j
yl
j
v j
s+2j-1 j
v j
s+2js+2i
v i
i s+2i-1
v i
yli
xli
y i
x i
v i
v i
v1i
v2i
v3i
vli
ni
ni -l+2
ni -l+2
ni -l+2 nj -l+2
nj -l+2
nj -l+2
[ni /2]+1 [ni /2] [nj /2]+1 [nj /2]
Figure 1: C∗i and C∗j in Claim 2.2.
Since each Gi is 2d-regular, every vertex u has d − 1 imaginary copies in D and each
imaginary copy contributes −1 to the vertex sum of u in the resulting labelling c. So in
order to make sure that no two vertices in G have the same vertex sum, it suffices to prove
that no two real vertices in D have the same vertex sum. For any vertex u ∈ V (D), denote
by S(u) the vertex sum of u in D. We complete our proof with the following claim.
Claim 2.3. No two real vertices in D have the same vertex sum.
Proof. Recall that V iR is the set of real vertices in C∗i and |V iR| = ni for each i ∈ [t]. Let
X = {vi1|i ∈ [s]} and Y =
s⋃
i=1
V iR −X. Firstly, we have the following intuitive observations.
1. For each vi1 ∈ X, S(vi1) = −i− s+ 1.
2. For each u ∈ Y , |S(u)| ≥ 3s+ 1.
3. For any real vertices u ∈ V iR, v ∈ V jR and w ∈ V kR with i < s+ 1 ≤ j < k ≤ t, we have
|S(u)| < |S(v)| < |S(w)|.
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Actually, it is not difficult to prove that for any real vertices u, v ∈ V kR with k > s, we
have S(u) 6= S(v), and the proof can be found in [10]. Hence, it remains to prove that no
two real vertices in Y have the same vertex sum.
Suppose to the contrary there exist two real vertices u, v ∈ Y with the same vertex sum
and assume that u sees (a, b), v sees (c, d) with a + b = c + d. Remember that u, v must
have the same outdegree 2 or 0.
If u, v ∈ V iR for some i ∈ [s], then u, v cannot be two consecutive real vertices in C∗i . By
symmetry, we assume a < c, then by steps 6− 7, the number b will be used prior to d, thus
b < d, a contradiction since a+ b = c+ d.
Suppose u ∈ V iR, v ∈ V jR with i < j ≤ s, we consider the following cases depending on
the locations of u, v.
If u 6= vidni/2e and v 6= v
j
dnj/2e, then a < c (or c < a) implies that b (d) is used prior to d
(b), thus b < d (d < b), a contradiction.
If u = vidni/2e and v = v
j
dnj/2e, then we claim that ni = nj, in fact, ni < nj implies
dni/2e < dnj/2e and it follows that a, b are used prior to b, d, i.e., a < b < c < d, a
contradiction. Since i < j and ni = nj, we have a < c and xidni/2e+1 < x
j
dnj/2e+1 by Claim
2.2. Thus b is used in step 7 prior to d, i.e., b < d, a contradiction.
If u = vidni/2e and v = v
j
l with l 6= dnj/2e, then we claim that l = dni/2e. To see this, by
Claim 2.2, we observe that either l = dni/2e or l = nj−dni/2e+2 and since vjnj−dni/2e+2 and
vidni/2e do not have the same outdegree in D, the case l = nj − dni/2e + 2 cannot happen.
So we have xidni/2e+1 < x
i
dni/2e = a < c, and it follows that b is used in step 7 prior to d, i.e.,
b < d, a contradiction.
If u = vil with l 6= dni/2e and v = vjdnj/2e, then by Claim 2.2, we must have ni = nj and
l = dni/2e+ 1. By the orientation D, we can easily observe that u, v do not have the same
out-degree, a contradiction. This completes the proof of Claim 2.3.
Remark. As we present an orientation and an antimagic labelling explicitly, the proof of
Theorem 1.5 is elementary. Claim 2.1 turns out to be very helpful, that is, we could pick
three real vertices and control the length of path between any two consecutive real vertices
to some extent. Applying the same arguments in the proof of Theorem 1.5, we can prove a
more general result.
Corollary 2.1. Let d ≥ 2 be an integer. If every vertex of a graph G has degree 2d or
2d+ 2, then G admits an antimagic orientation.
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